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1Abstract—This paper presents a phase-plane trajectory 

analysis and the appliance of Lyapunov´s methodology to 
evaluate the stability limits of a small signal model of a 
Microgrid system. The work done is based on a non-linear tool 
and several computer simulations. The study indicates how to 
analyze a Microgrid system that is subjected to a severe 
transient disturbance by using its large signal model without 
the necessity of the small signal analysis as it is commonly 
applied. 
 

Index Terms—Lyapunov method, microgrid systems, 
parallel inverters, small-signal stability, transient stability. 

I. INTRODUCTION 

Intelligent Microgrids integrate different energy 
resources, especially renewable sources, to provide 
dependable and efficient operations while they work on-grid 
connection or on islanding mode. They can ensure an 
uninterrupted reliable flow of power, offering economic and 
environmental benefits and minimizing the energy loss 
through the transmission over long distances. The use of 
systems of local power generation and storage allow to the 
grid and the critical facilities to operate independent of the 
public utility when this is necessary and thus to eliminate 
possible blackouts in the system. New technologies of 
Microgrids can automatically fix and even anticipate the 
power disturbances. They can also supply energy to the 
public utility when their generated power is higher that the 
demand of their loads or when the selling price is 
convenient. In order use all the capabilities and advantages 
that the Microgrids can offer, the use of intelligent power 
interfaces between the renewable source and the grid are 
required. These interfaces have as final element a dc/ac 
inverter which can be classified as current source inverter 
(CSI) or voltage-source inverter (VSI) as it is detailed 
presented in [1-2]. 

On the existed interfaces, there are control topologies, 
where the use of a master control for the inverters is not 
required. In those topologies, a main advantage is that each 
inverter is able to change the voltage and frequency of the 
Microgrid depending of the actual PQ power flow of it. 
Besides that, a fault of an inverter does not cause a collapse 
of the whole system. In fact, each inverter could be act as a 
plug-and-play entity to make the Microgrid an expandable 
system. The communication between the inverters is not 
necessary for the stability of the system but it can be used to 
improve its performance [3].  

In these interfaces, the active and reactive shared powers 

inside the local grid are managed by a dc/ac converter with a 
decentralized control system. This system is part of a main 
control structure with a hierarchical topology. This control 
consists of three levels and divides the tasks in order to 
improve the smartness of the Microgrid [4]. The lower level 
of the control consists of two loops, an inner and an outer. 
The inner loop is used for the current and voltage regulation 
while the outer loop uses the PQ droop curves and the 
virtual impedance to share the active and the reactive power 
to the loads using only the control´s local variables [5]. A 
second level copes with the synchronization or the islanding 
algorithms [6-8]; this control works in the point of common 
coupling. Finally the tertiary control deals with the energy 
management, the electrical market and the energy exchange 
with the utility (importation and exportation) [9]. 

 
 

This hierarchical control strategy allows the inverters to 
share the demanded active and reactive power in the 
Microgrid according to their maximum operation ranges. 

As far as stability issues are concerned, a completed roots 
locus analysis, Nyquist and Bode studies have been 
previously reported [10-13]. Most of these research works 
are based on dynamical models with a large number of state 
variables and neglected dynamics in the DC link. Because of 
the complexity of these models, it is necessary to use some 
assumptions and reduced field tools, such as small signals 
and others to perform an analysis. 

In large signal analysis, Lyapunov functions are used to 
control the current, maintaining the stability of the system 
[14-16]. These strategies facilitate the current control of 
such inverters directly in the abc-frame. 

This paper works with both lineal and non-lineal tools for 
large signal analysis that is supported by computer 
simulations. It uses phase-plane trajectory analysis and the 
Lyapunov methodology to determine the stability of the 
system in large disturbance. It suggests the utilization of a 
new model presenting how to analyze the system when it is 
subjected to a severe transient disturbance, such as loss of 
large loads or loss of generation. 

The outline of the paper is as follows. Firstly, the 
topology of the Microgrid and its basic equations are 
described. Then, the mathematical model of the Microgrid is 
analyzed in state variables and the equilibrium point of the 
system is found. Finally the implementation of the 
methodology is applied, presenting different simulations of 
the system and commenting the main conclusions of the 
study. 
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II. STUDY OF THE MICROGRID SYSTEM 

A typical Microgrid system in stand-alone mode based in 
parallel inverters is presented in Fig. 1. It is assumed that 
this system is a balanced three-phase circuit. 

Each generator consists of a DC power renewable source, 
a DC/AC inverter and a low pass filter and it is managed by 
two control loops. The inner loop is used to regulate the 
output voltage and current while the outer loop is used to 
control the shared power and trade-off the PQ power in the 
Microgrid without the use of any communication between 
the generators. The model does not consider the dynamics of 
the inner loop because of their high frequency behavior. 
This simplification has been studied and been presented in 
[17-18]. 

Figure 1. Typical structure of a Microgrid system based on inverters.  
 

The different voltage signals of the system can be 
represented as follows, as they are depicted in Fig 1. 
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The following equation describes the impedances Z1, Z2 
and Z3. 
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The PQ controller uses an artificial droop control scheme 
with average signals of P and Q which are obtained using 
the low-pass filter. The artificial droop’s equations can be 
expressed as: 

QkVVPk vipi  00   (3) 

A low-pass filter is used to generate the average values of 
the active and reactive power and it is described in the 
equation (4). The cut-off frequency (ωf) is a decade lower 
than the Microgrid frequency. 
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To calculate the instantaneous three-phase p
ph

ower, a per 
ase analysis is applied: 
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where ϕ is the angle between the V and I phasors. 
The equation (6) presents the calculation of e th

phase power after the cancelation of the double-frequency 
terms.  

 th ree-

   cos3 IVtp      3

The system shown in Fig. 1 uses the parameters presented 
in Table I. 

(6) 

TABLE I. SYSTE  
Variable 

M PARAMETERS

Size Style 
Operating Voltage range 218,5 – 241,5 Vrms 

Operating Frequency range 49 - 51 Hz 
Z - Line transmission Inductance 5 mH 

Z1 - Resistor 0 Ω - mH R1 - Inductor L1 150 - 1
Z2 - Resi uctor L2 1  Ω stor R2 - Ind 20 - 50 - mH 

Freque =Kp2) /W ncy droop coefficient (Kp1 1,33e-4 rad.s-1

Vol v2) R tage droop coefficient (Kv1=K 0.0015 V/VA
Cutoff frequency filter 5 Hz 

III. A MATHEMATICAL  

A simpl ases ced 
system i e transient stab  of the 
system. The method of per phase analysis is used in order to 
calcu se electrical 
ci

MODEL 

 mathematical model of a e 3-ph  balan
s considered to analyze th ility

late the complex power. The per-pha
rcuit of the balanced system is depicted in Fig. 2. Each 

generator has a shared (S12 or S21) and a local power (SL1 or 
SL2). The power angle between both generators can be 
defined as: 

2112        (7) 

The following equation describes the complex power that 
is generated by each DG. 

SS 2122 L1211 , SSSSL    (8) 

S ) is the complex power generated by Where S  (or 
D

DG1) and SLi is the local complex 
r. The complex powers are defined  

12 21

G1 (or DG2) and supplied to the transmission line that is 
connected to the DG2 (or 
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, 

Where: 

Figure 2. Per phase electrical circuit of the whole system (Z1= 150.03Ω
θZ1= 0.021Rad, Z2= 121.02Ω, θZ2= 0.13Rad, Z= 1.57Ω, θZ = 1.5708Rad)  

IV. EQUILIBRIUM POINTS  

The equilibrium points can be obtained, cancelling all the 
derivatives of the system (equal to zero): 
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Using mathematical software to solve the equation (12) 
the equilibrium points X0i=[X01 X02 X03 X04 X05] have been 
calculated and depicted in Fig. 3. In the range of the state 
va here is an equilibrium point at X0 = [0.00
32

 power systems [19]. There are 
different forms of instabilities that a power system may 
unde al model to 
an

. Analysis of the equilibrium point and small-signal 

tability of the equilibrium point X0 can be 
de

riable X5 t 19 
0.18 320.18 239.7 239.6]. 

V. STABILITY OF THE SYSTEM  

The transient stability still remains a basic and important 
consideration in the design of

rgo. It is possible to use the mathematic
alyze the stability by mean of controlled stages. The 

model can be adapted for each stage in order to obtain the 
angle and the voltage stabilities. 

A
stability 

The s
termined via linearization [20-21]. Applying the Jacobian 

matrix of f(X) at the equilibrium point concludes that: 
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The values of the A matrix are: 

 (14) 

And the respective eigenvalues are: 

faa  
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  It can be observed that all the eigenvalues are negative
co

. Analysis of the Lyapunov methodology for the system´s 

r to analyze the system´s stability by applying the 
Ly

(15) 

Equation (15) reaches the equilibrium point given by the 
so

 
ncluding that the equilibrium point is stable in small 

signal. Figure 4 shows the variation of the equilibrium point 
and their eigenvalues when a variation appears in the 
frequency droop coefficient from 1.3e-3 to 7.8e-4. Although 
the system is stable, the damping is poorer when the 
frequency droop coefficient increases. 

Figure 4. Root locus for 1.3e-4< Kp <7.8e-4.  
 

B
stability 

In orde
apunov’s methodology, a single generator has been 

considered. To test the behavior of the system, a series of 
variation only in the angle, in the active power and in the 
frequency have been done. The variation in the voltage was 
negligence. The set of equation for the single generator is 
given by: 
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lution of the nonlinear algebraic equation 0)( Yf . The 

solutions of this equation in a voltage genera val of 
180 to 260Vrms are Y01=[-1.5643  314.1593  194.0400] and 
Y02=[-0.0105  314.1593  229.9900]. 

It is easy verified by linearization

Figure 3. The equilibrium point X0=[0.0019 320.1 320.1 239.7 239.6] in 
the range of the variable X5.  
 

tor inter

 of (15) that Y02 is the 
stable and Y01 is the unstable equilibrium points. For 
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Ly

(16) 

This study case considers that the system is working in 
the stable equilibrium point and there is a large variation in 
th

where  

The phase portrait of the reduced model is shown on Fig. 
5.  observed that all the trajectories betwee -3 and 
3 

 

structing a Lyapunov 
fu tion has been used as it is described in [22] and [23].  
A

apunov stability analysis is convenient to transfer the 
stable equilibrium point to the origin by the transformation: 
Z=Y-Y02  

Thus, (14) becomes: 
ZZ 

In order to verify that the region )(),( 0121 ZVZZV    is 
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Figure 8. Angle difference between the voltages V1 and V2 

 

When the system begins, the angle between V1 and V2 is 
zero. It has a transient response and it reaches to steady 
point at 0.19 rad. All the derivatives of the equations in (12) 
take the value zero in the same instant when θ12=0.19 rad, 
ω1=ω2=2π(50.96) rad/s, V1=239.7 Vrms and V2=239.6 
Vrms.  

asymptotic stable, the derivative of the equation (18) i
calculated as:

1121 )(4,31),( ZZfZZV  . The region is

depicted in Fig 6. 

VI. SIMULATIONS RESULT 

The proposed Microgrid was simulated in order to show
the behavior of the system and its equilibrium points. Fi
shows a simulation file carried out in MATLAB/Simulink 
by means of POWER ELECTRONICS TOOLBOX. 
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Figure 7. Microgrid carried out in MATLAB/SIMULINK. 
 
Figure 8 shows the angle difference between the voltages

of each generator. In this case, it is assumed that all the DGs
and impedances parameters, given in Table I, ar
considered. There are no faults during the operating. 

e angle (Z1). Taking into account that the voltage 
magnitude is constant, it is possible to work with the 
reduced model (17). 
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 It can be n 
moves toward the equilibrium point at the origin. 

Figure 5. Phase portrait in Z1–Z2. (x=Z1 y=Z2).  
 
A variable gradient method for con
nc
pplying the methodology to the equation (16), we obtain 

the Lyapunov function described as: 
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Figure 9. Active Power dispatch by each DG using the values of the Table 
I.   

 
Figures 9 and 10 show the active and reactive power of 

each generator. The system reaches a steady state before the 
first second. The active and reactive power signals have a 
large percent overshoot (>25%). 

 
Figure 10. Reactive Power dispatch by each DG using the values of the 
Ta

s analysis presents a poor 
damping for huge droop controller gains. Figure 11 shows 
the variation of the P power of a generator when the Kp 
coefficient increases. 

Figure 12 shows two large disturbances in the Microgrid. 
The first disturbance happens at second 1 and has a duration 
of 0.2 seconds. After the disturbance, the Microgrid can be 
recovered successfully. The second event happens at the 
fourth second occurring a permanent loss of stability. 

 

 
Figure 11. Active Power dispatch by DG 1 when the Kp increases. 

 

 

 
Figure 12a. Frequency variation of DG1, applying two large disturbances. 

 

 
Figure 12b. Angle variation of DG1, applying two large disturbances. 

ble I. 
 
As discussed before in the study of stability section, the 

power sharing can be modified by choosing different droop 
controller gains. The eigenvalue
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VII. CONCLUSION 

In this paper, a nonlinear state-space model of a 
Microgrid is presented. The model includes the most 
important dynamics. The no-linear model can find the 
equilibrium points. The model has been analyzed by means 
of two different studies; first, a study of small signal 
stability by mean of linearization and root locus plot and 
second, a transient stability by mean of Lyapunov function. 
The analysis shows that the studies of small signal could be 
useful to adjust the controller and improve the transient 
response and the steady-state error. Using the Lyapunov 
function, the region of asymptotic stability, the size of the 
disturbed and his duration time could be determined. These 
tools allow to design Microgrid systems with loads, 
generators and storage systems, assuring the global stability 
of them.  
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