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Abstract—This paper is concerned with the problem of TCP
congestion control for the class of communication networks
with random parameters. The linear dynamic model of TCP
New Reno in congestion avoidance mode is considered which
contains round trip delays in both state and input. The
randomness of link capacity, round trip time delay and the
number of TCP sessions is modeled with a continuous-time
finite state Markov process. An Active Queue Management
(AQM) technique is then used to adjust the queue level of the
congested link to a predefined value. For this purpose, a
dynamic output feedback controller with mode dependent
parameters is synthesized to stochastically stabilize the
TCP/AQM dynamics. The procedure of the control synthesis is
implemented by solving a linear matrix inequality (LMI). The
results are tested within a simulation example and the
effectiveness of the proposed design method is verified.

Index Terms—communication system traffic control, delay
systems, linear matrix inequalities, Markov processes, random
variables

I. INTRODUCTION

With the fast growth and the wide usage of
communication networks in recent years, large attention has
been paid to the congestion control problem and active
queue management (AQM) routers. Some of the most
famous algorithms for the AQM goal are RED [1], PI [2]
and adaptive PI [3]. For more AQM algorithms see [4-8].
Based on the measured queue length, ¢, at a congested
router, the AQM algorithm computes a marking probability,
p. Then the senders will be able to set their sending rates in
order to achieve a desired queue level in the congested
router. In [9], a dynamic model of TCP behavior in
congestion avoidance mode is developed using fluid-flow
and stochastic differential equation analysis. It is proved that
this model accurately represents the dynamics of TCP. In
[2], a simplified version of the model in [9] is used which
ignores the TCP timeout mechanism.

The network conditions are mainly described by the
parameters traffic load, round-trip time and link capacity.
These three parameters could affect the traffic behavior.
Increase or decrease in the traffic load (or number of active
TCP sessions) could change the queue size in the bottleneck
link. Round trip delay could also affect the stability and
performance of the TCP/AQM dynamical model. The
amount of link capacity limits the bandwidth of the total
packet processing, so the variations of the link capacity can
influence on the instantaneous queue length. The network
conditions are usually varying in different daytimes,
different applications and different services; therefore,

Digital Object Identifier 10.4316/AECE.2011.02011

tolerating different network conditions whereas preserving
the desired performance is the key property of high quality
AQM algorithms. See For example [3, 10, 11 and 12].

In addition to gently parameter changes, abrupt random
changes in communication networks are not unusual cases.
Such abrupt changes could move the equilibrium point in
the linearized model, so the AQM methods which make use
of the linearized model would show weak performances.
The main idea of this paper is to stabilize the TCP/AQM
systems with random network parameters. The parameters
are modeled by a continuous-time finite state Markov
process. Therefore, the TCP/AQM system can be
represented as a delayed Markovian Jump System (MJS).

Markovian jump systems are some kinds of hybrid
systems with their discrete state varying as a continuous-
time finite state Markov process. These systems have been
widely studied in the past years and many results on
estimation and control problems, related to such systems,
have been reported in the relevant literature (see for example
[13-15]). The problem of Markovian jump systems with
time delays is also considered in many researches in recent
years. (See [16-23]).

To the knowledge of authors, the problem of TCP/AQM
structure with Markovian changes in network parameters
(such as link capacity, TCP load and round trip time) is not
addressed in the literature. In this paper, a dynamic output
controller is used to stabilize the Markovian jump
TCP/AQM dynamics. By employing a Lyapunov-Krasovski
functional, sufficient stochastic stability conditions are
obtained in terms of LMIs. The controller gains are then
synthesized from the LMIs. To prove the effectiveness of
the approach, real TCP network conditions are simulated in
two examples. It is shown that our approach could fix the
queue length at a predefined value.

The rest of the paper is organized as follows: Section 2
describes the system model and some preliminaries about
the Markovian jump system. Section 3 presents the main
results on stability and dynamic output stabilization of the
system, based on a LMI approach. The simulation example
is given in Section 4 and finally Section 5 concludes the

paper.

II. SYSTEM DESCRIPTION AND PRELIMINARIES

In order to design controllers for the network congestion
problem, TCP networks are simplified to a dumbbell
topology shown in Figure 1. The network consists of N
senders, a bottleneck router and a receiver. In this paper, like
in [2], a simplified version of that model is used which
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neglects the TCP timeout mechanism. This model relates the
average value of network variables and is described by the
following coupled nonlinear differential equations:

1 W(t)W(t—R(r{)) p(t—R(l’t))

YOTRG 2 R(cR)

R(r)

q>0 (1

)= Inax{o,_c LNy, (t)} q=0

R(r)

The linearized version of the TCP new Reno model is
described by the following coupled delay differential
equations with Markovian jump parameters:

-N(r)

M(t)ZW(é\N(t)JFM(t_R(H)))
|
_W(ﬁq(t)+5q(t—R(n))) 2
R(r)C (1 @)

in which W represents average TCP window size. ( stands
for the average queue length, R is round-trip time, C is the
available capacity of congested link, N represents the load
factor (number of TCP sessions) and p is the probability of
packet marking. Also we have oW (t) =W -W,(r,),

5q(t)=aq-q,(r,) and 5p(t)=p-p,(r,) where
(W0 (r).a,(r), p, (T, )) is the equilibrium point of the

system and:
Woz(rt) po(r;): 9

) (3)

T, (t]) is the propagation delay. Note that we ignore the

dependence of the time-delay argument on queue-length. It
is mostly because the time for a packet to pass a bottleneck
is negligible when compared with the propagation delay of
the whole path of the packet. In other words, we take

R,(1) =T, (r)-
In 2), 3) , {n} is a continuous-time homogenous

Markovian process with right continuous trajectories taking
values in a finite set S = {1,..., N} with transition probability

matrix A = [/Iij] given by:
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Figure 1: Network Topology

For the simplicity in notation, when necessary, we refer to
the Markov process I, by i .

The round trip delay values {Rl,..., RN} are considered to
be limited in the interval [B, Iﬂ .

System (2) describes a linear model of a congested link
under TCP Reno source side algorithm, in which, the
equilibrium is considered to be a stochastic point. However
the nonlinear model of (1) itself is obtained using fluid-flow
and stochastic differential equation analysis [9]. In fact, (2)
represent the behavior of the TCP/AQM system when
additional statistic data as the Markov probability rates are
provided. These rates can be calculated experimentally in
the communication networks.

System (2) could be represented as follows:

X(t)=Ax(t)+ Ax(t—-R)+Bu(t—R)
y(t)=Cx(t) ®)

O<uxl

. ., X
in which

and
N, -1
R'C, RC
N o |
R R
N, -1
A, =| RC, RC, |, ©)
0 0
—RC’
B =| 2N’
0

System (5) is a Markovian jump delay system with mode
dependent state and input delays. Also the input is restricted
to be between zero and one since it is a probability function
for marking/dropping of the packets.

We take y(t)=5q(t)as the output of the system. In

AQM, the probability of packet marking is calculated based
on this queue length.
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Definition 1: The Markovian jump system
X(t)=Ax(t)+Ax(t-7)
x(t)=g(t) Vte[-7,0]

is stochastically stable for any initial state in a
neighborhood of origin, if the following holds for any initial

(7

conditions @, I
e ([ to)f ekl )< ®)

III. MAIN RESULTS

In this section, a delay-dependent stochastic stability
condition for the closed loop system will be developed and
the controller gains will be obtained. First we introduce the
AQM dynamic output feedback controller which should
stabilize the TCP/AQM structure. We assume the controller
to be:

X, (t) = Kux.(t) +
op(t)=Kex.(t)

For the simplicity in solving LMIs we choose K_ to be

Kgoq(t
(t) o)

known constant matrix. The matrices K, and K will be

computed from the LMI conditions.

Assuming the above dynamic output controller and some
basic calculations, the closed loop system can be obtained as
follows:

n(t)=An(t)+An(t-R) (10)

where

70=[x () < (0] -
=[ow™(t) sa'(t) X (1)]

and

- (A 0

Az[KBi KAJ’

- (A, BK, (12)

A”:(o oj

The following lemma represents a stochastic stability
criterion for the Markovian jump systems with mode-
dependent delays. It is a generalized version of lemma 3 in
[24] for the delay Markovian jump systems with mode
dependent delays.

Lemma 1: System (10) is stochastically stable if there

exist  symmetric and  positive-definite =~ matrices
P,Z,,Q,Z and the matrices T,,T,, and T,, (i €S ) such that

1> 720
Z;Luz, <z

W, +TTA+ AT +I"Y, +Y T+RX, <0

XY,
T >0
Yz

where

(13)
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L (14)
P 0 RZ +5R z
T [T T, T ]
and
p.=1+4|(R-R) (1s)
Proof: Take the stochastic Lyapunov functional

V(-):R** xR, xS — R, to be:

+V, (n(t),lt)+V4(77(t),l 16)
+V5(77(t),|)
in which
Vi (n(t)-5) =" (t) Pan(t)
V. (n(t).)= " (s)Qn(s)ds
Vy(n(0)5)=[ [, i (s)2ai(s)sao a7
Vo (n(0).5)=lal[ [ (s)Qu(s)dsdo
Vo(n(t).6)=[ [ i (s)2i(s)(s-t-0)sdo

(
Defining a new process {( ( ) )} by 7, (6’) = 77(t +¢9)
for each O e (—F?,O) the weak infinitesimal operator A of

the stochastic process {(X(t), I )} is given by

AV(n(t),n) =
.1
lhlglﬁ[E{V(n(t+h),th)|77(t),rl}—V(77(t),rt)}
(18)
Then, for each I, =1 (i €S ) we have
AVl(n(t),i, j)=
27" (4P {Z% }
jeS i (19)
+2(T1.77(t)+T2i77(t—R)+T3iﬁ(t))(An7(t)—ﬁ(t)
A, J':_Riﬁ(s)dsj
for any weighting matrices T , T and T REe e JIf
we define
cO)=[r(t) 7 (t-R) ()]
A=[A A -], (20)
r=[1 -1 0]
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then we have

D 4P 0P

jes

AV, (n(t),5)<¢ (@) 0 0 0g(y
o0 @1)
+2¢7 (O)TTAL () +RST () XL (1)
24T (OYTL(t)+ j 7 (t+5)Z(t+s)ds
A< o 7t
|J‘I s)ds
AV3(77(t),i):R77 (t)z,ﬁ(t)
[ (t+s)Zia(t+s)ds
SRR ] I

)
J(R=B)7' (1)

AV, (77('[) )

which yields AV (g(t),i) <0 if (13) holds. Thus, there

exist positive scalars o, ,i € S for which

AV (¢ (t).i) <=3 ¢t H (23)

The rest of the proof is straightforward using Dynkin’s
formula and the stochastic stability theory. (See [24]).

Now we are in the position to solve the stabilization
problem of the TCP/AQM system with Markovian jump
parameters. Based on Lemma 1, we can obtain a dynamic
output feedback controller in the form of (9), However, (13)
is not linear in terms of variables. Some techniques should
be applied to (13) to convert it to LMI conditions. The
following theorem gives the results on the controller
synthesis.

Theoreml: Consider the TCP/AQM dynamics as a
Markovian jump system in (10). The closed loop is
stochastically stable if there exist symmetric and positive
definite matrices P ,Z,,Q,Z and the matrices H, and H,,

(i €S ) such that

> 4zZ,<2

jes

W, +T7Y, +Y' T+R X, <0

X, Y,
T >0
Yoz,

where

24
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G +G' G+G; G -T/
W=W+| *  G+G, G-T
* * _Tli _TliT
T _ T]ll O
" L 0 lei

G» — _ATTlli CTHli
: 0 H ’

2i

7 Ajl 11 O
KB, 0
Also the controller gains that stabilize system (10) in the
stochastic sense are given by
KL,=H,T, ,

Kg =H,T5

Note that, as we said later, the matrix K

(25)

is assumed to
be a known constant matrix.

Proof: The term T'A +A'T in (13) can be written as
follows:

TiT R + RTT- =
TnTA + ATTl Tl? Aﬁ + 'S\TTZ ATT _TT 2
* TZ.II- Aji + A.iriTZi Alefsl TT ( )
* * _TzT _T3|
We take T,=T,=T,. The terms G, =A'T, and
G, = A;T“ become:
ATT_ — ATTlli C'K, T12|
! 0 I<Ai-|—12i ’
27

~TT — Aﬁu i 0
"YOIKIB'T. 0

Ci i 1l

and the proof is complete.

] ]|
Remark: The term K BT, causes problem in computing

the gain K, from LMIs, since the variables T,;and K are

multiplied. In order to obtain a LMI condition, one can use
=T B'.

an equality constraint like B'T,, =T, B,

Then, the multiple
term K Tlll can be computed from the LMIs. In TCP

dynamics, because of a zero element in B, , the equality does

not have any solution. Although, a suitable transformation
can be found to transform the system into a system with
complete B, . Here, for the simplicity, we choose K to be a

known constant matrix. The matrices K, and K, will be
computed from the LMI conditions.

IV. SIMULATION RESULTS

In this section, we evaluate the performance of the
proposed hybrid dynamic output feedback algorithm
(HDOF) by a number of simulations performed using
MATLAB. The performance of HDOF is compared with PI
[2] which is a well known AQM algorithm. A single
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bottlenecked router is considered running our AQM method.
We choose the number of TCP sessions to
beN, =50,N, =70,N, =90, also we select the other

network parameters as follows:
C, =3500,C, =3700,C, =3900 packet/s
T, =100ms, T , =200ms, T , =300ms

First, the transition rates of the Markov process is chosen
such that it reflects the slow network variations:

(28)

-3x10°  2x10° 10°
A, =| 2x10° —4x10° 2x10° (29)
6x10°  4x10° -10°

The desired queue length is selected to be 200 packets. By
solving the LMIs in (24) the following controller gains is
obtained:

-2.1162 0
KAl = s
0 -2.1162

[—2.1114 0
KAZ = >

0 -2.1114

"—2 1298 0
KA3 = 5

-2.1298

1. 80><10"’ 30

K = } (30)

{2 53><109:|
{ 66><10‘)}

=K., =[0.001 0].

The TCP dynamics are assumed to be in the mode 1 at the
beginning. The gains for PI controller are chosen to be

K, =1.822x107,K, =1.816x10°  for the

parameters defined in mode 1. Figure 2 shows the mode
variations and the queue length when using both AQM
methods HDOF and PI. It is observed that the AQM method
can effectively regulate the queue length in the desired
value.

The performance of our approach in networks with
average and fast jumps is shown in figures 3, 4. The chosen
transition rates are as follows:

network

2x10° 107 10°
A =| 3¥10° =7x10° 4x107 |,

7x10°  3x10°  —10°

-10*  5x10°  5x10° GD
A =| 10%  =3x10* 2x10™|.

7x10°  3x10° -10"

Note that all of three assumed conditions could be
realistic depending on the daytimes, the behavior of the
network users and the current capacity and delay of the
network.

As seen in figures 3, 4, the dynamic output feedback
controller, as an AQM method, could almost overcome the
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average and even hard network conditions; however, the
queue adjustment is not very precise. It is mostly because
the settling time is more than one mode duration time. In
both methods, the queue stabilizes rapidly, but as we
expected, the PI controller cannot overcome the abrupt
changes in network parameters. The performance of PI is
even worse when the changes are more rapidly. Totally, it
can be seen from Figure 2-4 that the queue is better adjusted
using HDOF method.

V. CONCLUSION

In this paper, we have investigated the problem of
designing a hybrid output feedback controller for a TCP
congestion control problem modeled by a delay Markovian
jump system. Based on Lyaponuv-Krasovski functionals,
LMI-based sufficient conditions for the stochastic stability
of the TCP/AQM were derived. A desired controller then
was constructed by solving these LMIs. We simulated the
networks dynamics using our AQM method and the well
known PI method in different parameter change conditions.
It was shown that different network conditions, the hybrid
output feedback controller can effectively stabilize the
queue length. Future work will consider the extension of the
proposed approach from the model of a single bottleneck
link to the case of multiple bottleneck links.
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